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SIMULTANEOUS NORMALIZATION AND ALGEBRA HUSKS
JA´NOS KOLLA´R
Let X → S be a morphism with fibers {Xs : s ∈ S}. We say that X → S has
a simultaneous normalization if the normalizations of the fibers {X¯s : s ∈ S} fit
together to form a flat family over S; see (11) for a precise definition.
The most famous result of this type, due to Hironaka [Hir58], says that if S is
regular, the fibers Xs are generically reduced and the reductions of the fibers redXs
are normal, then redX → S is flat with normal fibers. Several related results are
proved in [Kol95].
For projective morphisms, a global condition for the existence of the simultaneous
normalization was developed by Chiang-Hsieh and Lipman [CHL06]. They consider
the case when S is normal with perfect residue fields and X → S has reduced fibers,
and prove that a simultaneous normalization exists iff the Hilbert polynomials of
the normalizations of the fibers are all the same. We give a proof in (12).
When this condition fails, a simultaneous normalization exists for some subfami-
lies but not for others. Our main result is an analog of the Flattening decomposition
theorem of [Mum66, Lecture 8], giving a precise description of those subfamilies that
have a simultaneous normalization:
Theorem 1. Let f : X → S be a proper morphism whose fibers Xs are generically
geometrically reduced.
Then there is a morphism π : Sn → S such that for any g : T → S, the fiber
product X ×S T → T has a simultaneous normalization (11) iff g factors through
π : Sn → S.
More precisely, we show that π : Sn → S represents the functor of simultaneous
normalizations (11). We discuss in (17) why the analogous result fails if the fibers
are not generically reduced. The main result (15) establishes a similar theorem for
various partial normalizations.
The key technical step of the proof is to consider not just the normalization of
a scheme Y , but all algebra husks (2) of OY ; equivalently, all finite birational maps
Y ′ → Y as well. More generally, algebra husks make sense for any coherent sheaf
of OY -algebras and they lead to a well behaved moduli functor (5). For arbitrary
coherent sheaves this was considered in [Kol08a]. It turns out to be easy to derive
the variant for OY -algebras from the results in [Kol08a].
In the last section we also settle two of the flatness conjectures from [Kol95] for
proper morphisms.
1. Algebra Husks
We start by reviewing the notion of husks and their main properties [Kol08a].
Definition 2. Let X be a scheme over a field k and F a quasi coherent sheaf on
X . Set n := dimSuppF . A husk of F is a quasi coherent sheaf G together with a
homomorphism q : F → G such that G has no associated primes of dimension < n,
and q is an isomorphism at all points of X of dimension = n.
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Such a G is also an OX/Ann(F ) sheaf and so the particular choice of X matters
very little.
If, in addition, F is a quasi coherent sheaf of OX -algebras, then a husk q : F → G
is called an algebra husk if G is a quasi coherent sheaf of OX -algebras and q is an
algebra homomorphism.
Assume thatX is pure dimensional and generically reduced. Then every coherent
algebra husk of OX is contained in the structure sheaf OX¯ of the normalization. If
X is of finite type over a field k (more generally, if the local rings of X are Nagata
[Mat86, Sec.31] or universally Japanese [Gro67, IV.7.7.2]) then OX¯ is coherent as
an OX -module. Thus, in these cases, OX¯ is the universal coherent algebra husk of
OX .
If X is not generically reduced, then there is no universal coherent algebra husk.
For instance, for each m ≥ 0, k[x, ǫ]→ k[x, x−mǫ] is a coherent algebra husk.
Definition 3. Let f : X → S be a morphism and F a quasi coherent sheaf. Let n
be the relative dimension of SuppF → S. A husk of F is a quasi coherent sheaf G
together with a homomorphism q : F → G such that
(1) G is flat over S and
(2) qs : Fs → Gs is a husk for every s ∈ S.
If, in addition, F is a quasi coherent sheaf of OX -algebras, then a husk q : F → G
is called an algebra husk if G is a quasi coherent sheaf of OX -algebras and q is an
algebra homomorphism.
Note that any multiplication map mG : G⊗G→ G extending mF : F ⊗F → F
gives an algebra structure on G. That is, mG is automatically associative (and
commutative if mF is). For example, associativity is equivalent to the vanishing of
the difference map
mG(mG, IdG)−mG(IdG,mG) : G⊗G⊗G→ G.
Since the target G has no embedded points and the map vanishes on a dense open
set (since mF is associative), the map is identically zero.
Note that husks and algebra husks are preserved by base change.
Definition 4. Let f : X → S be a morphism and F a coherent sheaf on X . Let
Husk(F )(∗) be the functor that to a scheme g : T → S associates the set of all
coherent husks of g∗XF with proper support over T , where gX : T ×SX → X is the
projection.
Assume that H is an f -ample divisor and p(t) a polynomial. Let Huskp(F )(∗)
be the functor that to a scheme g : T → S associates the set of all coherent husks
of g∗XF with Hilbert polynomial p(t).
If, in addition, F is a coherent sheaf of OX -algebras, then Huskalg(F )(∗) (resp.
Huskalgp (F )(∗)) denotes the functor that to a scheme g : T → S associates the set
of all coherent algebra husks of g∗XF (resp. coherent algebra husks with Hilbert
polynomial p(t)).
[Kol08a, Cor.12] shows that Huskp(F ) has a fine moduli space Huskp(F ) which is
an algebraic space over S. Our basic existence theorem asserts that similar results
hold for algebra husks.
Theorem 5. Let f : X → S be a projective morphism, H an f -ample divisor, p(t)
a polynomial and F a coherent sheaf of OX-algebras. Then
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(1) Huskalgp (F ) has a fine moduli space Husk
alg
p (F ) which is an algebraic space
of finite type over S.
(2) The forgetful map σ : Huskalgp (F )→ Huskp(F ) is a closed embedding.
(3) If F is flat at the generic points of Xs ∩ SuppF for every fiber Xs, then
Huskalgp (F ) is proper over S.
Proof. For any g : T → S, forgetting the algebra structure gives a map
σg : Husk
alg
p (F )(T )→ Huskp(F )(T ).
By the first part of (6), σg is injective, that is, a husk admits at most one structure as
a sheaf of OX -algebras such that F → G is an algebra homomorphism. Next apply
the second part of (6) to S := Huskp(F )(T ) to obtain that Husk
alg
p (F )(T ) := S
alg
exists and is a closed subscheme of Huskp(F ), proving (2).
By [Kol08a, Cor.12] this in turn implies (1) and (3) since Huskp(F ) is proper
over S if F is flat at the generic points of Xs ∩ SuppF for every s ∈ S. 
Lemma 6. Let f : X → S be a proper morphism, F a coherent sheaf of OX -
algebras and q : F → G a coherent husk. Then
(1) G admits at most one structure as an OX-algebra husk of F .
(2) There is a closed subscheme Salg ⊂ S such that for a morphism π : S′ →
S, π∗XG is an OX′-algebra husk of π∗XF iff π factors through Salg, where
πX : S
′ ×S X → X is the projection.
Proof. We may assume that S, S′ are affine. The first claim is also local on X ;
let U ⊂ X be affine.
The algebra structures are given by the multiplication maps mF : F ⊗ F → F
and mG : G ⊗ G → G. There is an h ∈ H0(U,OU ) which is not a zero divisor on
Gs for every s ∈ S such that h ·G|U ⊂ F |U . For any sections g1, g2 ∈ H0(U,G|U ),
h2 ·mG(g1⊗g2) = mF (hg1⊗hg2). Since multiplication by h2 is injective, the above
equality determines mG(g1 ⊗ g2) uniquely, proving the first claim.
Next we prove (2) in the projective case. For r ≫ 1, there is an h ∈ H0(X,OX(r))
that is not a zero divisor on Gs for every s ∈ S such that h ·G ⊂ F (r). By the above
considerations, the multiplication map mF always extends to a multiplication map
m∗G : G ⊗ G → G(2r) and G does have an OX -algebra structure iff m∗G actually
maps G⊗G to G ∼= h2 ·G ⊂ G(2r).
Note that since G is flat over S and h2 is not a zero divisor on Gs for every
s ∈ S, G(2r)/G is also flat over S, cf. [Mat86, Thm.22.5]. Hence we can choose
m > 0 such that G(m) is generated by global sections and f∗
((
G(2r)/G
)
(2m)
)
is
locally free and commutes with base change.
Pick generating sections gi ∈ H0(X,G(m)) and consider the composite
gi ⊗ gj → m∗G(gi ⊗ gj)→
(
G(2r)/G
)
(2m).
By pushing forward, we obtain global sections
σij ∈ H0
(
S, f∗
((
G(2r)/G
)
(2m)
))
such that for a morphism π : S′ → S, π∗XG is an OX′ -algebra husk of π∗XF iff the
π∗σij are all zero. Thus S
alg :=
(
σij = 0 ∀i, j) ⊂ S is the required subscheme.
In the proper but non-projective case, we first prove that Huskalg(F ) exists and
is of finite type over S. To see this, we use the existence of the Hom-schemes of
sheaves (7).
4 JA´NOS KOLLA´R
First consider p : Hom(G ⊗ G,G) → S with universal homomorphism up :
p∗(G⊗G)→ p∗G. We can compose it with F → G to obtain
u′p : p
∗(F ⊗ F )→ p∗G.
Pulling back the multiplication map mF and the husk map F → G gives another
homomorphism
p∗mF : p
∗(F ⊗ F )→ p∗F → p∗G.
We can view both of these maps as sections
Hom(G ⊗G,G)⇒ Hom(p∗(F ⊗ F ), p∗G).
Let W ⊂ Hom(G⊗G,G) be the subscheme where these two maps agree. Thus W
parametrizes those husks for which the multiplication map F ⊗ F → F extends to
a multiplication map G⊗G → G. As noted in (3), these are the algebra husks of
F .
Next we prove the valuative criterion of properness for p : W → S. Let T be
the spectrum of a DVR with closed point 0 ∈ T and generic point t ∈ T . Given
g : T → S we have a husk qT : FT → GT which is an algebra husk over t. Set
Z := Supp coker q0. Then F0/ torsF0 → G0 is an isomorphism over X0 \ Z, hence
GT is an algebra husk of FT over X \ Z.
Note that G0 is S1 and so GT is S2 over its support and Z has codimension ≥ 2
in SuppGT . In particular, every local section of GT over X \ Z extends uniquely
to a local section over X by [Gro68, III.3.5]. Therefore, the multiplication map
mX\Z :
(
GT ⊗GT
)|X\Z → GT |X\Z
extends uniquely to a multiplication map mX : GT ⊗ GT → GT . Thus W → S
satisfies the valuative criterion of properness.
We have proved that p :W → S is a monomorphism of finite type that satisfies
the valuative criterion of properness. Thus p : W → S is a closed embedding and
Salg is its image. 
7. (see [Gro67, III.7.7.8–9], [LMB00, 4.6.2.1], [Lie06, 2.1.3] or [Kol08a, 33]) Let
f : X → S be proper. Let M,N be coherent sheaves on X such that N is flat over
S. Then there is a separated S-scheme of finite type Hom(M,N) parametrizing
homomorphisms from M to N . That is, for any g : T → S, there is a natural
isomorphism
HomT (g
∗
XM, g
∗
XN)
∼= MorS
(
T,Hom(M,N)
)
,
where gX : T ×S X → X is the fiber product of g with the identity of X .
Example 8. This example shows that Huskalg(F ) is not always a union of con-
nected components of Husk(F ).
Consider the family of plane curvesX := (y2z−x(x2−tz2)) ⊂ P2×A1 → A1 over
a field k. Let F := OX and let G be the subsheaf of rational functions generated
by OX and y/x. Since x · (y/x) = y and y · (y/x) = 1z
(
x2 − tz2), we see that
G/F ∼= k[t] and so G is a husk of F .
Over the central fiber, G0 is the coordinate ring of the normalization of X0,
hence G0 is an algebra husk of F0.
For t 6= 0, Xt is a smooth elliptic curve and Gt = OXt(Pt) where Pt denotes the
origin. The multiplication map gives a surjection
Gt ⊗Gt ։ OXt(2Pt) ) OXt(Pt) = Gt.
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Hence there is no algebra structure on Gt extending the algebra OXt .
In the proper but non-projective case, we get the following using [Kol08a, Thm.39].
Theorem 9. Let f : X → S be a proper morphism and F a coherent sheaf of OX -
algebras. Then Huskalg(F ) has a fine moduli space Huskalg(F ) and the forgetful
map Huskalg(F )→ Husk(F ) is a closed embedding. 
Remark 10. As in [Kol08a, Defn.9], one can define the the functor QHuskalg(F )
of algebra husks of quotients of F . It also has a fine moduli space QHuskalg(F ) and
the forgetful map QHuskalg(F )→ QHusk(F ) is a closed embedding.
2. Simultaneous normalization
Definition 11. Let f : X → S be a morphism. A simultaneous normalization of
f is a morphism n : X¯ → X such that
(1) n is finite and an isomorphism at the generic points of the fibers of f , and
(2) f¯ := f ◦ n : X¯ → S is flat with geometrically normal fibers.
In characteristic 0, and over perfect fields, normal and geometrically normal are
the same, but over imperfect fields there are varieties which are normal but not
geometrically normal.
Note that, in general, a simultaneous normalization need not be unique (18).
The functor of simultaneous normalizations associates to a scheme T → S the
set of simultaneous normalizations of X ×S T → T .
We start with a short proof of the existence criterion [CHL06, Thm.4.2]. The
present form is somewhat more general since we allow a semi-normal base and
nonreduced fibers as well. (For the definition of semi-normal, see [Kol96, I.7.2].)
Theorem 12. Let S be semi-normal with perfect residue fields at closed points. Let
f : X → S be a projective morphism of pure relative dimension n with generically
reduced fibers. The following are equivalent:
(1) X has a simultaneous normalization n : X¯ → X.
(2) The Hilbert polynomial of the normalization of the fibers χ(X¯s,O(tH)) is
locally constant on S.
Proof. The implication (1) ⇒ (2) is clear. To see the converse, we may as-
sume that S is connected. Then χ(X¯s,O(tH)) is constant; call it p(t). Set
S′ := red
(
Huskalgp (OX)
)
with universal family X ′ → S′. The structure sheaf
OX is flat over S at the generic point of every fiber; see [Gro71, II.2.3] and [Kol95,
Thm.8] for the normal case and [Kol96, I.6.5] for the semi-normal case. Thus, by
(5.3), π : S′ → S is proper.
Let s ∈ S be a closed point and OXs → F any algebra husk with Hilbert
polynomial p(t). Since every coherent algebra husk of OXs is contained in the
structure sheaf of the normalization,
p(t) = χ(Xs, F (tH)) ≤ χ(X¯s,OX¯s(tH)) = p(t).
Thus F = OX¯s and since the residue field k(s) is perfect, this holds for any field
extension of k. Therefore π is one-to-one and surjective on closed geometric points.
Furthermore, the closed fibers of X ′ → S′ are geometrically normal, hence every
fiber is geometrically normal.
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Let now g ∈ S be a generic point. By assumption, χ(X¯g,OX¯g (tH)) = p(t). Thus
OXg → OX¯g is an algebra husk with Hilbert polynomial p(t) and so the injection
g →֒ S lifts to g →֒ S′. Therefore S′ → S is an isomorphism and X ′ → S′ = S
gives the simultaneous normalization. 
Example 13. The analog of (12) fails for semi-normalization, even for curves.
As a simple example, start with a flat family of curves Y → C whose general
fiber is smooth elliptic and Yc is a cuspidal rational curve for some c ∈ C. Pick 2
smooth points in Yc and identify them to obtain X → C. The general fiber is still
smooth elliptic but Xc has a cusp and a node plus an embedded point at the node.
The semi-normalization ofXc is a nodal rational curve, yet the semi-normalizations
do not form a flat family.
Next we state and prove our main result in a general form.
Definition 14 (Partial normalizations). Let P be a property of schemes or alge-
braic spaces satisfying the following conditions.
(1) P is local, that is, X satisfies P iff an open cover satisfies P .
(2) P commutes with smooth morphisms, that is, if X → Y is smooth and Y
satisfies P then so does X .
(3) If the maximal dimensional generic points of X satisfy P then there is a
unique smallest algebra husk OX →
(OX
)P
such that XP := SpecX
(OX
)P
satisfies P . In this case XP → X is called the P-normalization of X . If
XP = X then we say that X is P-normal.
(4) P -normalization is open. That is, given X ′ → X → S such that the
composite X ′ → S is flat, the set of points x ∈ X such that X ′s → Xs is
the P -normalization near x is open in X .
Examples of such properties are:
(5) S1, with OX → OX/(torsion subsheaf) as the P -normalization.
(6) S2, with OX → j∗
(OX\Z/(torsion subsheaf)
)
as the P -normalization (or
S2-hull) where Z ⊂ X is a subscheme of codimension ≥ 2 such that
OX\Z/(torsion subsheaf) is S2 and j : X \ Z → X is the inclusion.
(7) Normal, with the normalization.
(8) Semi-normal, with the semi-normalization (cf. [Kol96, Sec.I.7.2]).
(9) S2 and semi-normal, with the S2-hull of the semi-normalization.
Note that in cases (5–6), generic points are always P -normal. In cases (7–9) a
generic point is P -normal iff it is reduced.
Let f : X → S be a morphism. As in (11), a simultaneous P-normalization of
f is a morphism nP : (X/S)P → X such that nP is finite and an isomorphism at
the generic points of the fibers of f , the composite fP := f ◦ nP : (X/S)P → S
is flat and for every geometric point s → S the induced map (X/S)Ps → Xs is the
P -normalization.
As before, the functor of simultaneous P -normalizations associates to a scheme
T → S the set of simultaneous P -normalizations of X ×S T → T .
Our main technical theorem is the following.
Theorem 15. Let f : X → S be a proper morphism. Let P be a property satisfying
(14.1–4) and assume that the fibers Xs are generically geometrically P -normal.
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Then there is a morphism πP : SP → S that represents the functor of simulta-
neous P -normalizations.
In particular, for any g : T → S, the fiber product X ×S T → T has a simulta-
neous P -normalization iff g factors through πP : SP → S.
Furthermore, π : SP → S is one-to-one and onto on geometric points.
Note that in cases (14.5–6), f can be an arbitrary proper morphism. In cases
(14.7–9), we assume that the fibers are generically geometrically reduced. (The
necessity of this condition is discussed in (17).) However, f need not be flat nor
equidimensional.
Proof. By (9), there is an algebraic space Huskalg(OX) parametrizing all algebra
husks of OX . Being a P -normalization is an open condition, hence there is an open
subspace
SP := HuskP−n−alg(OX) ⊂ Huskalg(OX)
parametrizing geometric P -normalizations of OX .
If Y is an algebraic space over an algebraically closed field then its P -normalization
is unique and is geometrically P -normal. This implies that π is one-to-one and onto
on geometric points. 
Remark 16. In characteristic 0, this implies that for every s′ ∈ SP , k(s′) =
k(π(s′)), but in positive characteristic k(s′) ⊃ k(π(s′)) could be a purely inseparable
extension, even for the classical case of normalization. For instance, if k is a function
fieldK(t) of characteristic 3, S = SpecK(t) and X the plane cubic (y2z+x3−tz3 =
0) then X is regular but not geometrically normal. OverK
(
3
√
t
)
it becomes singular
and its normalization is P1. Thus Sn = SpecK(t)K
(
3
√
t
)
. (If P=normal, we use Sn
to denote SP .)
As shown by (18), π need not be a locally closed embedding, not even in char-
acteristic 0.
Let Y be a generically geometrically reduced scheme over a field k of positive
characteristic. In this case (15) implies that there is a unique purely inseparable
extension k′ ⊃ k such that for any extension L ⊃ k, the normalization of XL is
geometrically normal iff L ⊃ k′.
Remark 17. While the normalization of a nonreduced scheme is well defined,
it does not seem possible to define simultaneous normalization for families with
generically nonreduced fibers over a nonreduced base.
As a simple example, let π : A2 → A1 be the projection to the x-axis. Set
X := (y2 − x2 = 0). Then π : X → A1 has a nonreduced fiber over the origin.
The simultaneous normalization exists over A1 \ {0} and also over (x = 0) but
not over any open neighborhood of (x = 0). What about over the nonreduced
scheme (xn = 0)? If we want to get a sensible functor, then there should not be a
simultaneous normalization over (xn = 0) for large n.
On the other hand, consider Yn :=
(
y2 − x2 = (y − x)n = 0). This is the
line (y − x = 0) with some embedded points at the origin. The simultaneous
normalization should clearly be the line (y − x = 0). If we want to get a functor,
this should hold after base change to any subscheme of A1.
Note, however, that π : X → A1 and π : Yn → A1 are isomorphic to each other
over (xn = 0).
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Example 18 (Simultaneous normalization not unique). Even for flat families with
reduced fibers, simultaneous normalization need not be unique. This, however,
happens, only when the base is not reduced.
Let k be a field and consider the trivial deformation k(t)[ǫ]. If D : k(t) → k(t)
is any derivation then
k[t]D :=
{
f + ǫD(f) : f ∈ k[t]}+ ǫk[t] ⊂ k(t)[ǫ]
is a flat deformation of k[t] over k[ǫ] which agrees with the trivial deformation iff
D(k[t]) ⊂ k[t].
Consider the case D(f(t)) := t−1f ′(t). The deformation k[t]D is nontrivial since
D(t) = t−1. On the other hand,
t2 =
(
t2 + ǫD(t2)
)− ǫ · 2, and t3 = (t3 + ǫD(t3))− ǫ · 3t
are both in k[t]D, thus k[t]D contains the trivial deformation
k[t2, t3] + ǫk[t2, t3]
of k[t2, t3]. Hence both k[t]D and k[t]+ ǫk[t] are simultaneous normalizations of the
trivial deformation of k[t2, t3] over k[ǫ]/(ǫ2).
It is easy to see that k[t]D cannot be extended to deformations over k[ǫ]/(ǫ
3),
save in characteristic 3, where, for any b ∈ k,
x+ ǫ
1
x
+ ǫ2
( 1
x3
+
b
x
)
generates an extension as a k[ǫ]/(ǫ3)-algebra.
Example 19. We give an example of surface f : X → Spec k[t2, t3] such that
(1) X is reduced and S2,
(2) f is flat except at a single point,
(3) OX has no hull,
(4) over Spec k[t], the hull is the structure sheaf of P1 × Spec k[t] and
(5) for chark 6= 3, Spec k[t] → Spec k[t2, t3] represents the simultaneous nor-
malization functor.
We start with the normalization ofX , which is P1x:y×A1t . The map P1x:y×A1t → X
will be a homeomorphism. On the y = 1 chart, X is the spectrum of the ring
R := k
[
xn + nxn−2t : n ≥ 2, xntm : n ≥ 0,m ≥ 2] ⊂ k[x, t].
Note that f(x) + g(x)t ∈ R iff g(x) = 1
x
f ′(x).
R is finitely generated; one generating set is given by
x2 + 2t, x3 + 3xt, t2, xt2, t3, xt3.
Indeed, this set gives all the monomials tm and xtm for m ≥ 2. Now
xntm = xn−2tm
(
x2 + 2t
)− 2xn−2tm+1
gives all other monomials xntm for all m ≥ 2. Finally products of x2 + 2t and
x3 + 3xt give all the xn + nxn−2t modulo t2.
Consider x−1k[x] with the usual k[x, t]-module structure. One easily checks that
k[x, t]→ x−1k[x] given by f0(x) + f1(x)t + · · · 7→ f1(x)− 1xf ′0(x)
is an R-module homomorphism whose kernel is R. Since x−1k[x] has no embedded
points, we see that R is S2.
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By explicit computation, the fiber of R over the origin is the cuspidal curve
k[x2, x3] with 2 embedded points at the origin. Thus R is generically flat over
k[t2, t3] but it is not flat at the origin.
The (x = 1) chart is easier. It is given by the spectrum of the ring
Q := k
[
yn − nyn+2t : n ≥ 1, yntm : n ≥ 0,m ≥ 2] ⊂ k[y, t].
Note that f(y) + g(y)t ∈ Q iff g(y) = −y3f ′(y) and Q is flat over k[t2, t3].
The next result shows that the above problems with simultaneous normalization
only appear in codimension 1 on the fibers.
Proposition 20. Let f : X → S be a proper and equidimensional morphism.
Assume that there is a closed subscheme Z ⊂ X such that
(1) codim(Xs, Z ∩Xs) ≥ 2 for every s ∈ S and
(2) X \ Z is flat over S with geometrically normal fibers.
Then π : Sn → S as in (15) is a monomorphism. If f is projective, then π : Sn → S
is a locally closed decomposition, that is, a locally closed embedding and a bijection
on geometric points.
Proof. First we show that for any T → S, a simultaneous normalization of
XT := X ×S T → T is unique. To see this, let h : YT → XT be a simultane-
ous normalization and j : XT \ ZT →֒ XT the open embedding. Then h∗
(OYT
)
is an coherent sheaf on XT which has depth 2 along ZT and which agrees with
OXT /(torsion) outside ZT . Thus
h∗
(OYT
)
= j∗
(OXT \ZT
)
, (20.3)
which shows that YT is unique. Thus π : S
n → S is a monomorphism.
In the projective case, let p(t) be the largest polynomial that occurs as a Hilbert
polynomial of the normalization of a geometric fiber of f (21) and let Snp ⊂ Sn
denote the open subscheme of normalizations with Hilbert polynomial p. We prove
that Snp → S is a proper monomorphism.
Consider Huskalgp (OX)→ S. It parametrizes partial normalizations of the fibers
with Hilbert polynomial p(t). Since p(t) is the largest Hilbert polynomial, this im-
plies that Huskalgp (OX) parametrizes normalizations of fibers that are geometrically
normal. Thus Snp = Husk
alg
p (OX) and so Snp → S is proper.
A proper monomorphism is a closed embedding, hence π : Snp → S is a closed
embedding.
Finally, we replace S by S \ π(Snp
)
and conclude by Noetherian induction. 
Lemma 21. (cf. [CHL06, Sec.3]) Let f : X → S be a projective morphism and H
an f -ample divisor. For s ∈ S, let χ(X¯k(s¯),O(tH)) denote the Hilbert polynomial
of the normalization of the geometric fiber of f over s. Then
(1) s 7→ χ(X¯k(s¯),O(tH)) is constructible.
(2) If f has pure relative dimension n with generically geometrically reduced
fibers then s 7→ χ(X¯k(s¯),O(tH)) is upper semi continuous.
Proof. We may assume that S is reduced. Let s ∈ S be a generic point, K ⊃ k(s)
an algebraic closure and X¯K → XK the normalization. There is a finite extension
L ⊃ k(s) such that X¯L → XL is geometrically normal. Let SL → S be a quasi-
finite morphism whose generic fiber is SpecL → s. Let nL : XnL → red
(
X ×S SL
)
be the normalization. The generic fiber of f ◦ nL is geometrically normal. Thus,
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by shrinking SL if necessary, we may assume that f ◦ nL is flat with geometrically
normal fibers. In particular, the Hilbert polynomials of normalizations of geometric
fibers of f are the same for every point of the open set im(SL → S). The first part
follows by Noetherian induction.
In order to prove upper semi continuity, it is enough to deal with the case when
S is the spectrum of a DVR, X is normal and the generic fiber Xg is geometrically
normal. Let X¯0¯ → X0¯ denote the normalization of the geometric special fiber. Since
X is normal, X0 has no embedded points and the same holds for X0¯. We assumed
that X0 is generically geometrically reduced, thus X0¯ is generically reduced. Thus
OX0¯ → OX¯0¯ is an injection and
χ(X¯0¯,O(tH)) ≥ χ(X0¯,O(tH)) = χ(X0,O(tH)) = χ(Xg,O(tH)). 
3. Other Applications
As another application, we prove the flatness conjecture [Kol95, 6.2.2] and a
generalization of the conjecture [Kol95, 6.2.1]. The original conjectures are about
arbitrary morphisms, but here we have to restrict ourselves to the proper case.
The example [Kol95, 15.5] shows that in (22) the rational singularity assumption
is necessary.
Corollary 22. Let S be a reduced scheme over a field of characteristic 0 and
f : X → S a proper morphism. Assume that there is a closed subscheme Z ⊂ X
such that
(1) codim(Xs, Z ∩Xs) ≥ 2 for every s ∈ S,
(2) X \ Z is flat over S with normal fibers, and
(3) the normalization X¯s has rational singularities for every s ∈ S.
Let j : X \ Z →֒ X be the injection and X¯ := SpecX j∗
(OX\Z
)
.
Then f¯ : X¯ → S is flat and its fibers are normal with only rational singularities.
Proof. The case when S is the spectrum of a DVR is in [Kol95, 14.2].
For P =normalization, let πn : Sn → S be as in (15). By (20), πn is a monomor-
phism and by the above cited [Kol95, 14.2], πn satisfies the valuative criterion of
properness, hence it is proper. Therefore, πn is an isomorphism. The rest follows
from (20.3). 
Remark 23. The proof of (22) in fact shows that if a result of this type holds
for a certain class of singularities (instead of rational ones) when the base is the
spectrum of a DVR, then it also holds for an arbitrary reduced base.
In particular, it also applies when the fibers have normal crossing singularities
in codimension one and their S2-hulls are semi-rational. The proof of [Kol95, 14.2]
works in this case, using the semi-resolution theorem of [Kol08b].
Corollary 24. Let 0 ∈ S be a normal, local scheme and f : X → S a proper
morphism of relative dimension 1. Assume that
(1) f is smooth at the generic points of X0,
(2) the generic fiber of f is either smooth or defined over a field of characteristic
0 and
(3) the reduced fiber redX0 has only finitely many partial normalizations (25).
Let n : X¯ → X denote the normalization. Then f¯ := f ◦ n : X¯ → S is flat with
reduced fibers.
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Proof. Let g ∈ S be the generic point. ThenOXg is reduced, henceOX¯g is a husks
of OXg which gives an isolated point Pg ∈ Huskalg(OXg ). Let S′g ⊂ Huskalg(OXg )
denote the irreducible component containing Pg. Then S
′
g is 0-dimensional and
reduced if X¯g = Xg. Thus its reduced closure S
′ ⊂ red(Huskalg(OX)
)
is an irre-
ducible component such that the induced map π : S′ → S is an isomorphism near
s if Xg is smooth and a monomorphism in general. Thus π : S
′ → S is birational
if the generic fiber of f is either smooth or defined over a field of characteristic 0.
By (5.3), π is proper. The fiber π−1(0) parametrizes partial normalizations of
X0, hence it is finite by assumption. Therefore, by Zariski’s main theorem, π is an
isomorphism.
Let u : Y ′ → S′ be the universal flat family of husks. There is a natural morphism
Y ′ → X which is finite and birational.
Since S and the fibers of u are S2, so is Y
′ (cf. [Mat86, Thm.23.3]). Moreover, u
is smooth along the generic fiber and along the generic points of the special fiber,
hence Y ′ is regular in codimension 1. By Serre’s criterion Y ′ is normal, hence
X¯ ∼= Y . 
25 (Curves with finitely many partial normalizations). We are interested in reduced
curves C over a field k such that only finitely many curves sit between C and its
normalization, even after base change. That is, up to isomorphisms which are the
identity on C, there are only finitely many diagrams C¯k¯ → Ci → Ck¯. This condition
depends on the singularities of C only, and there are only few singularities with
this property. By the results of [GK85, KS85, GK90], the only such plane curve
singularities are the simple singularities An, Dn, E6, E7, E8.
Another series is given by the semi-normal curve singularities. Over k¯ these are
analytically isomorphic to the coordinate axes in An for some n.
The example (27) shows that ordinary quadruple points have infinitely many
partial normalizations and the conclusion of (24) also fails for them.
26. (A correction to [Kol95, 15.5].) Let X be a smooth projective variety of di-
mension n with H1(X,OX) 6= 0 and L an ample line bundle on X . Let C(X) :=
Spec
∑
mH
0(X,Lm) be the corresponding cone over X with vertex v ∈ C(X). Let
π : C(X)→ An be a projection with 1-dimensional fibers.
The second part of [Kol95, 15.5] asserts that π is not flat at v for n ≥ 2. However,
this holds only when n > 2. If n = 2 then π is flat but the fiber through v has
embedded points at v.
These also show that in (24) some strong restrictions on the singularities are
necessary.
Example 27. Another interesting example is given by the deformations of the
plane quartic with an ordinary quadruple point
C0 :=
(
xy(x2 − y2) = 0) ⊂ P2.
Let C4 → P14 be the universal family of degree 4 plane curves and C4,1 → S12 the
12-dimensional subfamily whose general members are elliptic curves with 2 nodes.
S12 is not normal, thus, to put ourselves in the settings of (24), we normalize S12
and pull back the family.
We claim that if we take the normalization of the total space C¯4,1 → S¯12, we
get a family of curves whose fiber over [C0] has embedded points. Most likely, the
family is not even flat, but I have not checked this.
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We prove this by showing that in different families of curves through [C0] ∈ S12
we get different flat limits.
To see this, note that the semi normalization Csn0 of C0 can be thought of as 4
general lines through a point in P4. In suitable affine coordinates, its coordinate
ring is
k[u1, . . . , u4]/(uiuj : i 6= j) ⊃ k[u1 + u3 + u4, u2 + u3 − u4].
There is a 1-parameter family of partial semi normalizations of C0 corresponding
to the 3-dimensional linear subspaces
〈u1, . . . , u4〉 ⊃Wλ ⊃ 〈u1 + u3 + u4, u2 + u3 − u4〉.
Each Wλ corresponds to a projection of C
sn
0 to P
3; call the image Cλ ⊂ P3. Then
Cλ is 4 general lines through a point in P
3; thus it is a (2, 2)-complete intersection
curve of arithmetic genus 1. (Note that the Cλ are isomorphic to each other, but
the isomorphism will not commute with the map to C0 in general.) Every Cλ can
be realized as the special fiber in a family Sλ → Bλ of (2, 2)-complete intersection
curves in P3 whose general fiber is a smooth elliptic curve.
By projecting these families to P2, we get a 1-parameter family S′λ → Bλ of
curves in S12 whose special fiber is C0.
Let now S¯′λ ⊂ C¯4,1 be the preimage of this family in the normalization. Then
S¯′λ is dominated by the surface Sλ.
There are two possibilities. First, if S¯′λ is isomorphic to Sλ, then the fiber of
C¯4,1 → S¯12 over [C0] is Cλ. This, however, depends on λ, a contradiction. Second,
if S¯′λ is not isomorphic to Sλ, then the fiber of S¯
′
λ → Bλ over the origin is C0 with
some embedded points. Since C0 has arithmetic genus 3, we must have at least 2
embedded points.
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